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Abstract- Though it has been claimed that elitism could
improve evolutionary multi-objective search significantly,
a thorough and extensive evaluation of its effects is still
missing. Guidelines on how elitism could successfully
be incorporated have not yet been developed. This pa-
per presents a unified model of multi-objective evolution-
ary algorithms, in which arbitrary variation and selec-
tion operators can be combined as building blocks, in-
cluding archiving and re-insertion strategies. The pre-
sented model enables most specific multi-objective (evo-
lutionary) algorithm to be formulated as an instance of it,
which will be demonstrated by simple examples. We will
further show how elitism can be quantified by the model’s
parameters and how this allows an easy evaluation of the
effect of elitism on different algorithms.

1 Introduction

The aim of this study is to provide a systematic approach to
elitism in multi-objective evolutionary algorithms (MOEA).
Multi-objective optimization can be seen as a special case
of Multiple Criteria Decision Making (Steuer 1986). Cor-
responding algorithms serve as a tool of decision analysis.
In this context it may be desirable to find or to approximate
the Pareto-optimal solutions, i.e. the minimal elements of a
partially ordered set (Rudolph 1998). The ordering relation is
the decision maker’s preference relation on the set of decision
alternatives. There are, of course, some algorithmic tools de-
voted to related tasks of decision analysis, for instance goal
programming (Deb 1998) or methods of a priori or interactive
incorporation of preference information (Fonseca and Flem-
ing 1997). These approaches, however, are not considered
in this study. Instead, we refer to Horn (1997), Veldhuizen
(1999), or Coello (1999) for a detailed survey on MCDM and
multi-objective optimization in the field of evolutionary algo-
rithms and for the problem specifications and definitions.
Recently several authors indicated that elitism could im-

prove evolutionary multi-objective search significantly, e.g.
(Parks and Miller 1998; Obayashi, Takahashi, and Takeguchi
1998; Zitzler, Deb, and Thiele 2000). These assumptions
are naturally based on a very individual notion of ’elitism’
as well as on problem-specific results with individual imple-
mentations and test problems. As a consequence, in themulti-
objective case it has remained unclear up to now

how to define ’elite’ individuals or solutions,

how to best incorporate the information from this elite
effectively into the search, and

which are the effects of elitism on evolutionary search
for different algorithms and (classes of) multi-objective
problems.

In this study we present a basis on which a thorough exam-
ination of the effects and possible benefits of elitism can be
built. Hitherto, an appropriate model is proposed that helps
both, the researcher in doing empirical and analytical evalua-
tions, and the user in building customized algorithms.
We start by recalling the use of archiving and elitism in

evolutionary algorithms in section 2 in order to transform the
common-sense notion into a formal definition. The model
presented in section 3 incorporates archiving and elitism in
a general MOEA and includes a parameter by which the
’elitism intensity’ can be scaled. In section 4 we show how
some well-known MOEAs can be formulated as an instance
of this unified model. Finally, section 5 shall demonstrate
how the benefit of elitism can be traced empirically.

2 The Concept of Elitism

Elitism has always been a major topic of discussion in the
evolutionary computation community. This mainly concerns
cross-generational interaction. Though it is clear that all nat-
ural individuals have a limited lifespan, there is no general
answer to how this concept should be applied to evolutionary
algorithms. Interpretations are diverse: Canonical genetic al-
gorithms, for instance, allow no parental survivability at all.
In generation gap methods at least a fraction of the next gen-
eration is reserved for good parents, and in the evo-
lution strategies parents live as long as they are surpassed by
better offspring.
The question of when to accept a newly generated solu-

tion, in spite of previously found ones, arises in all kinds
of iterative melioration processes, e.g. simulated annealing,
where the probability of accepting (temporary) worsening is
controlled by a ’cooling’ schedule.



2.1 Elitism in the presence of multiple objectives

As opposed to single-objective optimization, the question of
elitism becomes even more complicated with MOEAs. Here,
the set of decision alternatives is no longer totally ordered,
and alternatives might be incomparable. This makes an ’eli-
tist’ decision difficult, so a number of differentMOEA imple-
mentations emerge with elitistic features. These features may
be classified along different criteria:

Using a secondary ’elitist’ population vs. implicit
elitism through a ’plus’ selection as in evolution strate-
gies;

The elitism strategy, or how the elitist population is up-
dated;

The evaluation strategy, or how the elite individuals af-
fect the fitness assignment of the current generation and
vice versa;

The re-insertion strategy, or how elite individuals take
part in the production of offspring;

The control flow, or when archiving and re-insertion
take place.

As this classification is not hierarchical, algorithms can arbi-
trarily combine different features.
Most algorithms under concern make use of a second pop-

ulation of elite individuals. The Strength Pareto EA (SPEA)
by Zitzler and Thiele (1999), for example, stores all non-
dominated solutions separately from the ’normal’ popula-
tion. Individuals are chosen from the population and the non-
dominated set as recombination partners, while the latter get
higher selection probabilities.
Parks and Miller (1998) also use an archive of non-

dominated solutions, from which a random subset is re-
inserted into the population of each generation. They found
that the performance of the search raises with the percentage
of the number of individuals been taken from the archive.
The Pareto Archived Evolution Strategy (PAES) by

Knowles and Corne (1999) is a multi-objective evolu-
tion strategy that uses the dominance relation as the selection
criterion. Here, elitism is guaranteed by the ’plus’ selection,
while the archive is used only as a comparison set for incom-
parable individuals.
The -EA examined by Rudolph (1998) uses a se-

lection criterion that changes randomly. But since only two
individuals are compared, the dominated one will never be
preferred. In his study, Rudolph uses this algorithm as an ex-
ample to demonstrate theoretic results about convergence to
the Pareto set. It is interesting to note that the algorithm for
which the derived properties are valid is an elitist EA. Addi-
tional theory about different properties of selection schemes
in MOEAs can be found in (Hanne 1999).
Certainly many more versions of elitist MOEAs exist1,

but these recent examples already show the great variety in

1See, e.g. (Horn 1997; Veldhuizen 1999).

the implementation of elitism. In the next section we con-
struct a model to provide a general framework for elitism in
multi-objective evolutionary algorithms. This model, which
should be capable to simulate most MOEA implementations,
is based on the following definition.

2.2 Characterization of elitism

According to the authors’ notion, elitism means that ’elite’
individuals cannot be expelled from the active gene-pool of
the population in favor of worse individuals. This concept
can be formalized as follows:

Definition 1 (Elitism) Let denote the Population of a
given evolutionary algorithm EA after iterations
(generations). Let denote the probability of individual

being selected as an operand for the variation opera-
tor in generation . Then EA is said to be elitistic, if and only
if for any preference relation given by a decision problem
the following condition holds:

(1)

with

In this definition refers to the set of all individuals pro-
duced so far and to all non-dominated individuals out of
.
Regardless whether an EA uses elitism or not, it is com-

mon practice in the single objective case to keep track of the
best solution found during the run off-line. This solution can
be seen as the best approximation of the (unknown) optimum
in reach, given the information produced by the algorithm.
The multi-objective analogue is to store all solutions that are
not dominated by any other solution found during the run.
This archive then represents the best approximation of the
true Pareto set available. Thus, to supply an archive of non-
dominated solutions is a sensible extension to a MOEA that
helps to exploit the produced information. Of course, if the
archive is only used as a store, the behavior of the EA won’t
change. Archives like this have been used by e.g. Kursawe
(1991). Further examples are listed in (Veldhuizen 1999, pp.
3-26f) named ”MOEA Secondary Populations”. Here, the au-
thor also questions ”how to best utilize this population” or -
in other words - how to utilize the information provided by
the additional solutions to guide the search process more ef-
fectively. This is one of the crucial topics our study wants to
approach.

3 A Unified Model for (Elitist) MOEAs

Building generic models of EAs is a common practice to ab-
stract from implementation-specific details and to provide a
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Figure 1: Scheme of a sequential (left) and a concurrent (right) transition function

general formulation. A universal EA is given in (Bäck, Ham-
mel, and Schwefel 1997). The parameters of these models
mainly consist of (stochastic) operators that represent the ’ge-
netic’ or ’evolutionary’ operations.
Veldhuizen (1999) gives a general formulation of aMOEA

that models the population size by a sequence instead of a sin-
gle value to cope with different sizes of parent and offspring
populations. However, the model does not allow for an im-
plementation of an archive as an active part of the algorithm.
In the following, we present a model which takes archiving
into account.

3.1 Model description

In order to build a unified model for multi-objective evo-
lutionary algorithms we combine features of standard EA
models with those mentioned in section 2. This leads us to
the following definition:

Definition 2 (UMMEA) The Unified Model of Multi-
objective Evolutionary Algorithms is defined by the
individual space and the probabilistic operators2:

where

2Due to the nature of evolutionary computation, most instances of this
model will use probabilistic operators, though some might be fully deter-
ministic as well.

.

denotes the set of all multi-sets with elements out of and
the set of all multi-sets with elements out of ( [0,1]).

The symbol denotes the union on multi-sets.

The main concept of this model is the coexistence of a ’nor-
mal’ offspring population ( ) and a generic archive of elite
individuals ( ). These two multi-sets of individuals and a
further parameter (the ’elitism intensity’ ) are initialized
through the operator.
The offspring population is produced by using parents

from both, the previous offspring population and the elite
population. The involvement of elite individuals in this pro-
cess is controlled by the elitism intensity , which basically
denotes the probability to choose a parent individual from the
elite population. Dependent on this parameter the operator

assigns the target sampling rates to all individuals
as a product of the sampling rate within the individual set
(archive) or (population), respectively, and the elitism in-
tensity . The resulting multi-set - an element of - consists
of pairs of individuals and the associated sampling rates. By
implementing this operator appropriately, it should
be possible to simulate different fitness assignment strategies
and selection schemes. The sampling procedure, however, is
independent of the assignment of the sampling rates and can



while do

end while

Figure 2: A general (elitist) MOEA. denotes the archive,
the population and the elitism intensity at generation .

be expressed through the operator . The oper-
ator capsules the recombination and mutation steps to create
the new offspring population.
The elite population on the other hand represents a pos-

sibility to store arbitrary individuals which may be of inter-
est for the decision maker. The elitism strategy, i. e. the
decision which individuals to store, must be implemented in
the operator. The operator then provides a
means to cope with limited resources and to bound the size of
the elite population, e. g. by clustering.
Finally, the interplay of these operators - or the timing -

must be specified by a transition function via the operator
. Fig. 1 shows two different approaches, a concur-

rent ( ) and a sequential ( ) version. Though
both look quite similar, there is a fundamental difference in
respect to the use of elite individuals from the archive. In the
sequential version the archive is updated before it takes part in
the reproduction process. Thus, the archive always offers the
current best individuals in contrast to the concurrent version,
where new elite individuals have a delay of one iteration be-
fore they are available through the archive. This could mean
better progress rates for the sequential version - especially
for high elitism intensity - since information is exploited im-
mediately. On the other hand, concurrency is better suited for
parallel computing which can reduce the total execution time,
even if more iterations are needed. On the contrary, the con-
current version guarantees that there are no multiple copies of
individuals in both populations at the time of sampling. This
version can also be regarded as a more ’conservative’ one,
because ’older’ elite individuals receive a ’second chance’ to
reproduce, which may also have a positive effect on diversity.
For the sequential version the algorithm is outlined in

Fig. 2. Analogously, an algorithm corresponding to
may be formulated.
This framework is kept as general as possible to cover

most of the different (elitist) algorithms proposed so far. The
modular structure of the model allows for nearly arbitrary
combinations of different operators to build a customized
scalable elitist MOEA.
In the next section the methodology to decompose a given

MOEA into its building blocks and re-formulating it as an
instance of the unified model will be demonstrated.

4 Decomposing Existing Algorithms

The following examples show how existing algorithms can be
decomposed and simulated using appropriate parameters for
the unified model defined in the previous section.

4.1 General -ES

Evolution strategies with possible parents and offspring
can be modeled without specifying the individual space and
the operators , , and . The op-
erator simply returns the best individuals from the union of
the archive and the population ( ). The oper-
ator sorts the individuals of the population according to their
fitness values and assigns a sampling rate of to
the best individuals and zero to the others. The archive
members are assigned as the target sampling rate.
The degree of elitism can be controlled through . The

extreme cases are , which yields the -ES,
and for the -ES. The values in-between lead to
some kind of mixed version. For the evolution strategies the
sequential transition function must be applied.

4.2 SPEA

Also for SPEA the transition function governs the
control flow. At first the archive is updated with re-
turning all non-dominated individuals from to the new
archive. If the size of exceeds a maximum value,
clusters the archive using the average linkage method and
then removes all but the centroid individual from each cluster.
Global fitness values are assigned by in respect to
both and . SPEA’s mating selection process is a binary
tournament selection from the union of the (updated) archive
and the population. The only chance for a populationmember
to reproduce is to be chosen for a tournament against another
population member, since archive members are guaranteed to
have better fitness values than all individuals from the popu-
lation. To simulate this, an adaptive and time-dependent is
needed and controlled by the operator. In each itera-
tion the probability to sample an individual from the archive
is given by

4.3 Random insertion methods

By this headline we refer to algorithms that periodically in-
sert (clones of randomly chosen) individuals from the archive
back into the populationwithout variation, e.g. (Ishibuchi and
Murata 1996). This population constitutes the mating pool
and thus corresponds to the output of the operator in
UMMEA. The elitism intensity of these algorithms is given
by the fraction of the mating pool that is filled with archive
members and can directly be transferred to our model. The

operator then has to make sure to take exactly the
required number of individuals from the archive.



5 Preliminary Empirical Study on Elitism

In this section we study the effects of the elitism by com-
paring three simple instances of UMMEA. These example
algorithms use common features of MOEAs such as selec-
tion based on the dominance relation (Pareto-based selec-
tion), discrete recombination of the decision variables and
fixed mutation strength. An archive of non-dominated solu-
tion is supplied to all algorithms, where elitism is introduced
by inserting archive members into the (mating) selection pro-
cess. The performance measure, by which the outcomes of
the UMMEA instances are compared, is based on the relative
size of the search space the algorithm identifies as dominated.
The test functions under consideration are constructed using
the methodology proposed by Deb (1999).

5.1 Model instantiation and parameter settings

To describe the instances of UMMEA for the empirical study
we first refer to their differences which are revealed in the
operators , , and . The representation
of the individuals as well as the and operators
are kept constant for all three algorithms.

5.1.1 Evaluation and updating operators

For the evaluation operator we use three different
definitions. These will characterize the different algorithms
that are to be compared in the following. However, the fit-
ness assignment strategy will be the same for all, namely the
dominance level in respect to the other individuals of the cor-
responding set (working population and archive, respectively,
or the union of both). The sampling rates for the individuals
of the population will be calculated based on the individuals’
rank to simulate binary tournament selection ( ):

(2)

where refers to the individual and to the population. All
archivemembers are assigned equal sampling rates. The sam-
pling operator then samples the required number of individu-
als independently according to the sampling rates calculated
as above. Minor differences are revealed by the op-
erator and the transition function as described in the
following.

Alg1 : In this algorithm, the archive is updated by taking all
non-dominated solutions from , i.e.

The archive is not truncated ( ). The
operator ranks the individuals of the popu-

lation according to their dominance level in the popu-
lation. These ranks are used to calculate the sampling
rates in the population according to equation 2.

The elitism intensity is controlled by the parameter :
means that the archive is not actively used in

the evolution process, while means that only
members of the archive are selected for recombination
and mutation. This scheme is similar to the one investi-
gated in (Parks and Miller 1998), however, no niching
mechanism is incorporated here. The transition func-
tion is given by .

Alg2 : This algorithm represents the tunable ( ) evolution
strategy described previously. In order to simulate the
’plus’ selection through the archive , the op-
erator returns the best individuals from the union of
the previous archive and the population concerning the
dominance level, where . As in Alg1,

starts by calculating the ranks of the indi-
viduals in the population based on their dominance
level in the population only. Then, the best individ-
uals of the population and the archive members are
assigned the sampling rate of and ,
respectively, while all other individuals have no chance
to reproduce.

Alg3 : The third algorithm implements a scheme similar to
the one proposed by Zitzler (1999) which is character-
ized by the concurrent transition function . In
the original version, the elitism intensity3 varies with
the size of the archive and does not allow for a sys-
tematic assessment of elitism. Instead, we use fixed
values here. The assigns fitness values

based on the individuals’ dominance level in the union
of archive and population. Then, archive and popula-
tion are ranked independently and target sampling rates
are assigned according to equation (2).

5.1.2 Test problems, representation, and variation opera-
tors

As it is known from the single objective case, elitist EAs have
advantages on some unimodal problems. To verify whether
this phenomenon carries over to the multi-objective case we
first examine a type of function with no locally optimal sets
that are not globally optimal. A second type of function then
exhibits several locally optimal sets, where elitist algorithms
are in danger of getting stuck to locally optimal solutions be-
fore reaching the globally optimal ones. To construct our test
problems systematically, we apply the methodology proposed
by Deb (1999). Deb suggests to use a generic two-objective
problem

Min
s.t.

3Though this concept is not applied in the referenced algorithm, an em-
pirical elitism intensity could be determined a posteriori through the relative
frequency of having sampled individuals from the archive.
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Figure 3: Size of the dominated space (measure ) over time (number of function evaluations) for function produced by
Alg1 (left) Alg2 (middle), and Alg3 (right). The elitism parameter was varied from 0 to 1 in steps of 0.1.

where controls the search space along the Pareto-optimal
front and the search space lateral to the Pareto-optimal
front. specifies the shape of the Pareto-optimal front. Thus,
like Zitzler (1999) we choose with

and , as a representative for the first type
and

where , and for the
second.
As the two considered functions are defined on a closed

subset of , each decision variable is coded by a bit vector
of length . Mutation is carried out by a bit mutation rate of

. For all three algorithms the operator creates
a random starting population according to the uniform distri-
bution on the individual space. The archive is initialized as
the empty set except for the Alg3, where the non-dominated
individuals of the initial population are chosen since the con-
current transition function requires a non-empty archive for
the first iteration.
The recombination operator repeatedly takes indi-

viduals from the set produced by the sampling operator and
creates offspring until a population size
is reached. For each component defining one decision vari-
able one of the parents’ component is picked with equal prob-
ability (discrete recombination of decision variables). Thus,

has to provide individuals from the

archive and the population as recombination partners, while
multiple copies are allowed.

5.1.3 Performance measure

For the performance of an algorithm on a specific problem
we measure the (normalized) size of the dominated objective
space similar to the definitions by Zitzler (1999) and Lau-
manns, Rudolph, and Schwefel (1999):

Definition 3 (Size of the dominated space) Consider an
arbitrary vector-valued objective function ,

. Let be the vector
of the component minima of f and the
vector of the component maxima. Then

(3)

For a multi-set of objective vectors the dominated space
will be

(4)

and the size of the dominated space

(5)

with as the Lebesgue measure of the bounded set .

As suggested by Laumanns, Rudolph, and Schwefel (1999),
the measure is performed over time, which allows for a bet-
ter insight into the dynamic behavior of the algorithm. Since
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Figure 4: Size of the dominated space (measure ) over time (number of function evaluations) for function produced by
Alg1 (left) Alg2 (middle), and Alg3 (right). The elitism parameter was varied from 0 to 1 in steps of 0.1.

the total objective space can be considerably greater than the
region around the Pareto set (especially when the objective
space scales with the number of decision variables) we visu-
alize the results by zooming the regions of interest. Though
the numerical difference between different values can
be very small, this does not necessarily mean that the differ-
ences between the corresponding solution sets are neglectably
small.

5.2 Test results and discussion

These preliminary test results focus on the influence of the
parameter (the elitism intensity) on a simple and scalable
elitist MOEA (Alg1) in comparison to other simplified ver-
sions of standard elitist MOEAs (Alg2 and Alg3). All three
algorithms under concern have been implemented as an in-
stance of UMMEA as described before. The values for are
varied from 0 to 1 in steps of . For the measure all
individuals produced during the run are considered for the set
. The median of a sample of values of independent

runs is calculated and displayed in the diagrams.
On the simpler problem all three algorithms exhibit

quite regular behavior. Not surprisingly, the performance im-
proves with increasing (Fig. 3) in all three cases. This sug-
gests that in the multi-objective case elitism generally speeds
up convergence to the next set of locally non-dominated so-
lutions.
On this situation changes only for low search space di-

mensions. The best results are produced using some value
between the extremes 0 and 1. However, Fig. 4 shows for

that for high dimensional search spaces elitism is es-
pecially useful. Again, Alg1 andAlg3 obtain their best results
for .
As far as the qualitative behavior is concerned, the most

obvious difference is the good performance of Alg2, even

for low elitism intensity. This may be explained as follows:
During most of the time the best individuals of the pop-
ulation are non-dominated among the population members.
Thus we conclude, that the good results are mainly caused by
the stronger selection pressure of the selection.
On both functions Alg1 and Alg3 show very similar be-

havior. This is most apparent for , which suggests that
the difference in the operator to calculate the dom-
inance level is of no effect at all for the problems considered
here. The somewhat faster ascending curves for Alg1 lead
us to the assumption that the sequential transition function
( ) improves convergence on these problems, as we
have supposed in Section 3. For other problems, where inter-
frontal diversity of individuals is more important to proceed,

may be advantageous though.

6 Conclusion and Outlook

The presented model is intended to form a basis on which re-
searchers can evaluate the effects of different operators and
parameter settings on multi-objective evolutionary search. It
also provides a more systematic approach to build new, cus-
tomized MOEAs for possible users.
Our results underline the assumption that elitism is espe-

cially beneficial in the presence of multiple objectives and
that the use of elitism speeds up convergence to the Pareto
set. In this context the actual variant how elitism is incorpo-
rated in the algorithms seems to be of less importance as to
the similar behavior of the three algorithms examined here.
The danger of premature convergence caused by elitism is
less imminent for the multi-objective problems of this study,
because the elite set already contains a number of diverse so-
lutions.
Unfortunately, general guidelines for the appropriate



elitism intensity are hard to derive. However, we presented
a methodology to approach this problem systematically. For
the test cases considered here, the best results were produced
using the highest elitism intensity. In how far these results
carry over to other problems is subject to further investiga-
tion. Additional studies should also focus on the interaction
of selection pressure and elitism intensity. Furthermore, the
effects of elitism on the diversity of individuals need to be
dealt with, since diversity keeping methods, either through
fitness assignment (e. g. fitness sharing) or through cluster-
ing of the archive (by the truncation operator) have not yet
been addressed.
Generally, the parameterization of the different operators

is a major topic of in the field of evolutionary computation.
In this case future research could try to develop robust self-
adaptive mechanisms also for the elitism intensity to avoid
choosing a priori values that are only based on a limited num-
ber of experiments or on intuition.
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