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Abstract— Hypervolume based multiobjective evolutionary
algorithms (MOEA) nowadays seem to be the ﬁrst choice when
handling multiobjective optimization problems with many, i.e.,
at least three objectives. Experimental studies have shown
that hypervolume-based search algorithms as SMS-EMOA can
outperform established algorithms like NSGA-II and SPEA2.
One problem remains with most of the hypervolume based
algorithms: the best known algorithm for computing the hypervolume needs time exponentially in the number of objectives. To
save computation time during hypervolume computation which
can be better spent in the generation of more solutions, we propose a general approach how objective reduction techniques can
be incorporated into hypervolume based algorithms. Different
objective reduction strategies are developed and then compared
in an experimental study on two test problems with up to nine
objectives. The study indicates that the (temporary) omission of
objectives can improve hypervolume based MOEAs drastically
in terms of the achieved hypervolume indicator values.

I. I NTRODUCTION
In the last decade, multiobjective evolutionary algorithms
got established for tackling optimization problems with few
objectives, whereas optimization problems with many objectives, i.e., at least three or more, have gained interest in
recent years. Real world problems intrinsically have many
objectives and from a practical point of view it is often
desirable with most applications to include as many objectives as possible without the need to specify preferences
among the different criteria. Unfortunately, a large number of
objectives leads to further difficulties with respect to decision
making, visualization, and computation with the result that
state-of-the-art algorithms like NSGA-II or SPEA2 are not
suited to solve high-dimensional problems as it was shown
by Wagner et al. in an experimental study [1]. Hypervolumebased search strategies such as SMS-EMOA [2], however,
seem to be a good alternative, but all known algorithms to
(exactly) compute the hypervolume for a solution set have
running times exponentially in the number of objectives [3],
[4], [5]. Another problem with many objectives will occur,
if the computation of the objective values itself is expensive,
e.g., if the objective values are defined by time-consuming
simulations.
Reducing the number of considered objectives would
circumvent the latter problems. It is also undoubted that
an objective reduction can assist in the decision making
process. Although dimensionality reduction is a common
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task in statistics, data mining, and other fields, and many
methods with applications are known [6], the transfer to
evolutionary multiobjective optimization just started recently.
Deb and Saxena [7] developed an objective reduction method
based on principal component analysis (PCA) [8] which was
intended for multiobjective optimization scenarios where the
Pareto front is of lower dimension than the objective space
itself. Because it is based on principal component analysis,
the considered objective (sub)sets do not reflect the original
problem in terms of Pareto-dominance. Brockhoff and Zitzler
[9] developed a relation-based objective reduction method
which aims at finding a subset of objectives such that either
the entire or most of the dominance relation is preserved in
terms of a defined measure of conflict between objectives.
This relation-based objective reduction approach can both
find an objective subset of predefined size with minimal
error and minimal sets which comply with a given error.
This paper, for the first time, incorporates a dimensionality
reduction approach into a hypervolume based algorithm and
investigates for different types how an objective reduction
method can improve evolutionary algorithms in terms of
computation time and quality.
As main contributions of this paper we
• propose a general scheme to integrate objective reduction methods into a multiobjective evolutionary algorithm,
• develop different types of objective reduction methods
with objective sets of fixed, randomly and adaptively
chosen sizes, and
• extensively compare the proposed algorithmic variants
with and without objective reduction experimentally.
The experimental results show that objective reduction techniques can significantly improve the performance of multiobjective evolutionary algorithms on many-objective test
problems. The paper is organized as follows. In Sec. II,
we start with a brief review of objective reduction using εdominance introduced in [9]. Section III gives an overview of
the different objective reduction algorithms used in the experimental study to follow. The used test problems are defined in
Sec. IV and Sec. V describes the entire experimental setup.
Section VI presents the results of the performed comparison
and Sec. VII concludes the paper.
II. O BJECTIVE R EDUCTION U SING ε- DOMINANCE
Without loss of generality, in this paper we consider
minimization problems with k objective functions fi : X →
R, 1 ≤ i ≤ k, where the vector function f := (f1 , . . . , fk )
maps each solution x ∈ X to an objective vector f (x) ∈
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Rk . Furthermore, we assume that the underlying dominance
structure is given by the weak Pareto dominance relation
which is defined as follows: F  := {(x, y ) | x, y ∈ X ∧∀fi ∈
F  : fi (x) ≤ fi (y )}, where F  is a set of objectives with
F  ⊆ F := {f1 , . . . , fk }. For better readability, we will
sometimes only consider the indices of objective functions,
e.g., F  = {1, 2, 3} instead of F  = {f1 , f2 , f3 }. We say
x weakly dominates y with respect to the objective set F 
(x F  y ) if (x, y ) ∈F  . The solutions x and y are called
comparable if either x F  y or y F  x and incomparable
if neither x F  y nor y F  x. If both x F  y and y F  x
the two solutions are called indifferent. A solution x∗ ∈ X is
called Pareto optimal if there is no other x ∈ X that weakly
dominates x∗ with respect to the set of all objectives. The
set of all Pareto optimal solutions is called Pareto (optimal)
set, for which an approximation is sought.
In the presence of many objectives, the question arises
whether all objectives of a problem are necessary. An objective would be called necessary, if the Pareto dominance
relation changes while omitting the objective. An omission
of objectives can affect the underlying weak Pareto dominance relation only in two ways; (i) comparable solutions
can become indifferent and (ii) incomparable solutions can
become comparable (or even indifferent). While an objective
reduction to the smallest set preserving the weak Pareto
dominance relation (a minimum objective set) is desirable,
in practice a further reduction is often necessary. If a change
in the dominance relation is necessary, we want to choose
an objective set minimizing a certain error. The (additive)
ε-dominance relation εF := {(x, y ) | x, y ∈ X ∧ ∀fi ∈ F :
fi (x) − ε ≤ fi (y )} from [10] is a possible measure for the
error occurring when objectives are omitted [9] and used in
the definition of δ-minimum objective sets:
Definition 1: Two objective sets F1 and F2 are δnonconflicting iff F1 ⊆δF2 and F2 ⊆δF1 .
Definition 2: An objective set F  ⊆ F is called δminimum with respect to the set F iff (i) F  is δnonconflicting with F, (ii) F  is δ  -nonconflicting with F for
all δ  < δ, and (iii) there exists no F  ⊂ F with |F  | < |F  |
that also meets (i) and (ii).
In other words, a δ-minimum objective set is the smallest
possible set of original objectives that preserves the original
dominance structure except for an error δ. If we can compute
a δ-minimum objective set with respect to all objectives and
consider only the objectives in the δ-minimum set F  ⊂ F,
we make an error of at most δ only in the following sense:
whenever we wrongly assume that x weakly dominates y
with respect to F  for two solutions x, y ∈ X, we can assure,
that x is at least δ-dominating y with respect to all objectives,
i.e., fi (x) − δ ≤ fi (y ) for all fi ∈ F \ F  . The δ-minimum
set approach has another important property: If a solution
x ∈ X weakly dominates a solution y ∈ X according to the
weak Pareto dominance relation F , then x will still weakly
dominate y after the objective reduction—provided that the
considered objectives represent a δ-minimum set with respect
to all objectives. This means, that also the hypervolume

Algorithm 1 A greedy algorithm for k-EMOSS.
1: Init:
2:
F  := ∅
3: while |F  | < k do
4:
F  := F  ∪ argmin {δmin (F  ∪ {i}, F) w.r.t. A}
i∈F \F 

5:

end while

Algorithm 2 A greedy algorithm for δ-MOSS.
1: Init:
2:
compute the relations i for all 1 ≤ i ≤ k and F
3:
F  := ∅
4:
R := A × A\ F
5: while R = ∅ do
6:
i∗ =


7:
argmin{|(R ∩ i )\ 0F  ∪{i} ∩ δF \(F  ∪{i}) |}
i∈F \F 


8:
R := (R ∩ i∗ ) \ 0F  ∪{i∗ } ∩ δF \(F  ∪{i∗ })
9:
F  := F  ∪ {i∗ }
10: end while

indicator IH [11], [12], [10] of the two solutions is computed
qualitatively correct if one solution dominates another.
The task of computing a δ-minimum objective set, given
a set A ⊆ X of solutions, was denoted in [9] as the δMINIMUM OBJECTIVE SUBSET PROBLEM, or δ-MOSS
for short, and is known to be N P-hard. The problem
of finding an objective subset of predefined size k with
minimum error according to F and the set A ⊆ X was denoted as MINIMUM OBJECTIVE SUBSET OF SIZE k
WITH MINIMUM ERROR (k-EMOSS) [9]. In [9], also simple greedy heuristics for both problems were proposed which
are shown as Algorithm 1 for k-EMOSS and Algorithm 2 for
δ-MOSS. Both algorithms are used in the following section
for objective reduction during the search process.
III. O BJECTIVE R EDUCTION D URING S EARCH
Two concrete problems might occur when many objectives
are considered in multiobjective optimization scenarios. First,
the computation effort needed to compute the hypervolume
indicator IH increases rapidly with the number of objectives
[13], [4], [14], [5]. Second, the computation of the objective
values itself in practice often needs much time, e.g., when
simulations have to be run to evaluate a solution. With many
objectives, the computation of the objective vectors may even
become infeasible. In both cases, a limitation of the number
of objectives would yield smaller running times of evolutionary algorithms, especially if they are based on the hypervolume indicator. However, it is not clear whether such an
objective reduction affects the quality of the found solutions.
Surely, a reduction yields faster evaluations and therefore
more solutions can be evaluated. But on the other hand, an
omission of objectives will cause a loss of information which
might be useful during the search for good solutions. The
following sections discuss different approaches of objective
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reduction and propose various objective reduction methods
which are compared experimentally later on.
A. An Objective-Adaptive EA
The simplest possible objective reduction method is to
decide in advance which of the k objectives are considered
during the search. The decision can either be driven by preferences of a human decision maker or via a dimensionality
reduction technique as PCA, applied to a set of randomly
chosen solutions. The former approach has the drawback
that it is often too little known about the problem such that
deciding which objectives to take for optimization is difficult.
Thus, we would prefer an automated technique independent
of any human preference as the latter is. Nevertheless, there
is still a drawback: it might be the case that in different
stages of the optimization, different objectives are required to
reduce the distance to the Pareto front. In terms of conflicting
objectives, this would mean that an objective pair might
be nonconflicting in the beginning, e.g., with respect to
randomly drawn solutions, but near the Pareto front, the
two objectives are conflicting implying that both objectives
should be considered together to cover the entire Pareto front.
Therefore, we limit the discussion to objective reduction
methods applied during search.
One recently proposed approach is based on PCA and was
intended to be used for problems with many objectives the
Pareto front of which, however, has a lower dimension [7].
The authors present a procedure to extract from a solution
set the objectives which preserve most of the objective
correlation. The objective reduction is integrated into the
Non-dominated Sorting Genetic Algorithm NSGA-II. After
NSGA-II is run, the objective reduction procedure is applied
to the algorithm’s outcome and the algorithm is started
again while optimizing only the objectives in the computed
objective set. This loop of running NSGA-II and applying the
objective reduction technique afterwards is repeated until the
number of objectives cannot be further reduced. Although
the approach was originally intended for high-dimensional
problems with low-dimensional Pareto fronts, the objective
reduction procedure can also be used to reduce the number
of objectives in general. A problem of the correlation-based
objective reduction is the unpredictable effect on the Pareto
dominance relation. The relation-based objective reduction
approach, discussed in Sec. II, can predict whether an error
in the dominance relation occurs while omitting objectives.
In the following, we will see, how this objective reduction
approach can be integrated into a hypervolume based evolutionary algorithm to improve the quality of its outcomes.
The basis of all objective reduction methods, discussed
below, is a simple indicator based evolutionary algorithm,
namely SIBEA [15]. Algorithm 3 shows the organization of
the original SIBEA, extended with a general objective reduction functionality. SIBEA starts with randomly choosing
a set of μ solutions, the population P . Until a certain time
limit T is reached, the μ solutions of the current population
P are randomly selected for recombination and mutation,
the variated solutions are inserted into the population, and
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the population of the next generation is determined by the
following procedure: after a non-dominated sorting of the
population, the non-dominated fronts are, starting with the
best front, completely inserted into the new population until
the size of the new population is at least μ. For the first front
F the inclusion of which yields a population size larger than
μ, the solutions x in this front with the smallest indicator loss
d(x) := I(F ) − I(F \ {x}) are successively removed from
the new population where the indicator loss is recalculated
every time a solution is removed. In addition, SIBEA can
apply various objective reduction strategies to improve the
running time of the hypervolume computation. To this end,
every G generations an objective reduction is performed, i.e.,
it is decided which objectives are chosen for optimization and
which ones are neglected during the next G generations.
Algorithm 3 Simple Indicator Based Evolutionary Algorithm
(SIBEA)
Input: population size μ; running time T in seconds; indicator function I; reduction frequency G in generations;
Output: approximation of Pareto-optimal set A;
Step 1 (Initialization):
Generate an initial set of decision vectors P of size μ; set
the current time t0 ; set generation counter m := 0.
Step 2 (Dimensionality reduction):
If m ≡ 0 mod G: Use the objective vectors of all solutions
in P to decide which objectives to consider in the following
G generations.
Step 3 (Environmental Selection):
Iterate the following three steps until the size of the population does no longer exceed μ:
1) Rank the population using Pareto dominance and determine the set of individuals P  ⊆ P with the worst
rank. Here, dominance depth [16] is used.
2) For each solution x ∈ P  determine the loss d(x) w.r.t.
the indicator I if it is removed from P  , i.e., d(x) :=
I(P  ) − I(P  \ {x}).
3) Remove the solution with the smallest loss d(x) from
the population P (ties are broken randomly).
Step 4 (Termination):
If T seconds expired since t0 then set A := P and stop;
otherwise set m := m + 1.
Step 5 (Mating):
Randomly select elements from P to form a temporary
mating pool Q of size μ. Apply recombination and mutation
operators to the mating pool Q which yields Q . Set P :=
P + Q (multi-set union) and continue with Step 2.
B. Adaptation Strategies
Various objective reduction strategies are described in the
following paragraphs. We distinguish between approaches
with a fixed size of the reduced objective set (Paragraph IIIB.1), objective reduction methods with dynamically changing
objective set sizes (Paragraph III-B.2) and algorithms changing the number of considered objectives adaptively with re-
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spect to changes in the hypervolume indicator (Paragraph IIIB.3). All mentioned types of objective reduction within
SIBEA have their counterpart: Instead of considering the
reduced objective set solely, the aggregation-based versions
consider an additional objective as an aggregation of the
remaining objectives. Paragraph III-B.4 explains in detail this
concept of objective reduction plus aggregation.
1) Fixed Objective Set Size: As the simplest objective
reduction method, integrated into SIBEA, we fix the number k of considered objectives in advance. This allows
to easily adjust the computation time of the algorithms,
i.e., the smaller k, the faster the hypervolume computation.
On the other hand, it is not easy to control the quality
of the computed Pareto front approximations by changing
the parameter k. A low k will often yield worse results
with respect to the population’s hypervolume. In preliminary
experiments, a reduction to 2 to 5 objectives was reasonable.
When considering more than 5 objectives, the hypervolume
computation becomes too time-consuming while considering
at least two objectives seems to be required for optimization.
Besides a random version, where the objective sets of fixed
size k = 3 are always chosen randomly, the greedy k-EMOSS
algorithm is used to compute an objective set with predefined size and the smallest possible δ-error. To circumvent
high running times for the hypervolume computation within
SIBEA, we set the number of considered objectives for the
k-EMOSS version to k = 3, and k = 4 respectively.
2) Dynamically Changing the Objective Set Size: To avoid
the difficult choice of the objective set size in the methods
described above, the three methods, described in this section,
dynamically choose the number of considered objectives.
Two methods choose the objective set size randomly. More
precisely, a geometrically distributed random number with
p = 0.5 is drawn as the number k of considered objectives
and adjusted to k = k if k > k. Thus, the expected objective
set size is 2. We consider two different versions where the
objectives are either chosen randomly or according to the
greedy algorithm for k-EMOSS. The third method chooses
the objective set (and its size) according to a given δ error by
applying Algorithm 2 on the current population. A drawback
of this reduction method is the δ-error as additional parameter
since it is not clear how to choose δ in advance. While the
current population is scaled to [0, 1]k before the objective
vectors are used as input for Algorithm 2, we consider two
versions with δ = 0.8 and δ = 0.9.
3) Adaptively Increasing Objective Sets: Starting with one
objective, we increase in this type of objective reduction the
objective set size adaptively every G generations, dependent
on a hypervolume improvement. If and only if the hypervolume indicator of the entire population increased within
the last G generations in at most G/10 generations, the
objective set size is increased by one. The idea behind this
is that SIBEA can optimize the selected objectives as long
as it can improve the population easily. If the algorithm gets
stuck, we increase the number of considered objectives to
improve the hypervolume of the population and guarantee

that high-dimensional Pareto-optimal fronts can be found
by the algorithm. In contrast to the PCA-based objective
reduction method in [7] where the objective sets become
only smaller while converging to the Pareto-optimal front,
here the opposite happens.
We distinguish between one random version which
chooses the larger objective sets always randomly and a
second version which uses Algorithm 1 to compute the new
objective set. Note, that the objective set is not changed
unless the number of objectives is increased.
4) Aggregation of Neglected Objectives: If only a subset
of objectives is optimized as proposed above, the omitted
objectives are, in general, not optimized simultaneously,
i.e., the objective values of the neglected objectives can be
arbitrary poor. We would expect that the values of neglected
objectives are kind of randomly chosen due to the fact that
they are not considered within selection. In order to avoid
this behavior, we suggest to optionally aggregate the omitted
objectives for all objective reduction methods by summing up
the r remaining objective values1 , and using the sum divided
by 1000 · r as additional objective.
We will see in the comparison described in Sec. VI
whether the aggregation is a useful extension. On the one
hand, the consideration of the otherwise neglected objectives
may increase the quality of the computed solution sets; on
the other hand, an additional objective also increases the
computation time for the hypervolume and therefore allows
only fewer evaluations.
5) Reference Algorithms SIBEA, NSGA-II and SPEA2:
In addition, we use SIBEA without any objective reduction to compare whether the proposed objective reduction
methods can improve the hypervolume-based algorithm. For
reference, we also use NSGA-II [16] and SPEA2 [17],
implemented in the PISA framework [18], together with
random search space samples of size μ.
IV. T EST P ROBLEMS DTLZ2 BZ

AND

DTLZ7

To compare the different objective reduction methods,
we use two test problems based on the DTLZ test suite
of [19]. Many functions within the original test function
suite, especially the often used DTLZ2 function, have the
properties that
1) the projection of the Pareto front to k < k objectives
collapses to one optimal point, i.e., when omitting
arbitrary objectives, the search will always converge
to one solution. The second drawback is that
2) when we optimize only a subset of k < k objectives,
the neglected objectives are also optimized at the same
time due to the usage of a single scaling function
g(xM ) for all objectives.
To eliminate the mentioned properties, we modify the original DTLZ2 function in two ways. First, we limit the range
of the decision variables xi , i.e., we cut the corners of the
non-dominated fronts to circumvent property 1). In detail, we
1 If the objective reduction method chooses k objectives out of all k, the
remaining r := k − k objectives are aggregated.
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Min
Min
..
.

f1 (x) = (1 + g1 (x)) cos(θ1 ) · · · cos(θk−2 ) cos(θk−1 ),
f2 (x) = (1 + g2 (x)) cos(θ1 ) · · · cos(θk−2 ) sin(θk−1 ),
..
.

fk−1 (x) = (1 + gk−1 (x)) cos(θ1 ) sin(θ2 ),
fk (x) = (1 + gk (x)) sin(θ1 ),
k+i· n−k+1
−1
2
k
(x − 0.5)
where gi (x) = j=k+(i−1)·
 n−k+1
 i
k
for i = 1, . . . , k − 1,
n
2
gk (x) = j=k+(k−1)· n−k+1  (xi − 0.5) ,
k


xi
π
1
θi = 2 · 2 + 4 for i = 1, . . . , k − 1
0 ≤ xi ≤ 1, for i = 1, 2, . . . , n.
Min
Min

Fig. 1.
Definition of the modified DTLZ function DTLZ2BZ with n
decision variables and k objectives.

use xi /2 + 1/4 instead of the decision variables xi directly
as in the original version. To come up with a problem where
all single objectives have to be optimized simultaneously
to reach the Pareto front, i.e., avoiding drawback 2), we,
secondly, introduce one scaling function gi (x) for each
objective, instead of one single scaling function g(xM ).
Figure 1 shows the definition of the DTLZ2BZ function.
Since the original DTLZ7 problem has both a Pareto front
which does not collapse to a single point when projected and
objective functions to which independent decision variables
are associated with, we use the original version from [19] as
the second test function in our comparison. Figure 2 shows
the formal definition of DTLZ7.
In addition, we finally scale the objective values for both
test functions, since in general not all objectives are equally
scaled in practical problems. With the scaling
⎧
i

⎪
fi (
x)
⎨ maxValue ·
if i ≡ 0 mod 2
maxValue

,
fi (x) :=
1/i

⎪
fi (
x)
⎩ maxValue ·
otherwise
maxValue

Min
Min
..
.

f1 (x) = x1 ,
f2 (x) = x2 ,
..
.

Min fk−1 (x) = xk−1 ,
))h(f1 , f2 , . . . , fk−1 , g),
Min fk (x) = (1 + g(xM
where g(xM ) = 1 + |x9M | xi ∈xM xi ,
h(f1 , f2 , . . . , fk−1 , g)
k−1 fi
= k − i=1 1+g
(1 + sin(3πfi ))
0 ≤ xi ≤ 1, for i = 1, 2, . . . , n.
Fig. 2. Definition of the non-modified DTLZ7 function with n decision
variables and k objectives. As in the original definition, 
xM is defined as
the last n − k + 1 decision variables xk , . . . , xn .

TABLE I
A LL ALGORITHMS USED IN THE EXPERIMENTS .
algorithm

objective set size

SIBEA
SIBEA
SIBEA
SIBEA
SIBEA
SIBEA
SIBEA
SIBEA
SIBEA
SIBEA
NSGA-II
SPEA2

complete
k = 3 fix
k = 4 fix
k = 3 fix
dynamic
dynamic
dynamic
dynamic
adaptive
adaptive
complete
complete

objective reduction
method
—
k-EMOSS
k-EMOSS
random
0.8-MOSS
0.9-MOSS
random
k-EMOSS
random
k-EMOSS
—
—

aggregation
no
yes/no
yes/no
yes/no
yes/no
yes/no
yes/no
yes/no
yes/no
yes/no
no
no

whereas the population size is always set to μ = 50 and the
objective reduction frequency G equals 50.

V. E XPERIMENTAL S ETUP

To analyze the quality of the produced Pareto front approximations, we compute for all runs the hypervolume
indicator of the first generation after the predefined time
of T = 20 minutes elapses. Note, that for some of the
algorithms, e.g., SIBEA without any objective reduction on
the high-dimensional problems, the considered generation
was completed rather after a day than right after 20 minutes.
The reference points for the hypervolume computation are
chosen as (50, . . . , 50) for DTLZ2BZ and (100, . . . , 100) for
DTLZ7 and the hypervolume is to be maximized.

For the experimental comparison of the different objective
reduction methods, 21 runs are performed for T = 20
minutes and each combination of algorithm and problem
on identical linux machines (4 cores, 64bit architecture,
2.6GHz). All algorithms described in Sec. III and also listed
in Table I are used. As test problems, we use the described
DTLZ2BZ and DTLZ7 functions with n = 200 and 5, 7, and
9 objectives each. The implementation of SIBEA is based on
the hypervolume indicator in the PISA framework [18] and,
thus, uses only a slow hypervolume algorithm, instead of
state-of-the-art approaches like in [5]. The implementations
of NSGA-II and SPEA2 are also taken from the PISA
framework. All algorithms are used with standard settings,

For comparing the different algorithms, hypotheses have
been derived from preliminary experiments which are tested
on the performed 21 independent runs. As statistical test,
we use the Mann-Whitney test implemented in the MATLAB toolbox (Version 7.1.0, see www.mathworks.com). The
Mann-Whitney test is a nonparametric test to confirm the
hypothesis that one random variable “systematically” produces larger values than another by ranking all values and
comparing the rank sums for both samples. Since one and
the same sample is used within multiple tests, we use a
Bonferroni correction of the significance level to 0.05/78 ≈
6.4 · 10−4 , as we test the hypothesis for all 78 combinations
of algorithms within Fig. 5–10 except the random sample.

we change the importance of the different objectives, whereas
maxValue = 1 + ((n − k + 1)/4) for DTLZ2BZ , and
maxValue = 11k for DTLZ7. Near the Pareto-optimal front,
objectives with even number have larger variances than
objectives with odd number. Far from the Pareto-optimal
front, odd and even objectives invert their behavior.
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VI. R ESULTS
Figures 5–10 show boxplots of the hypervolume indicators
derived from the first completed generation after T = 20
minutes for all algorithms in Table I on all six problems. For
clarity, the results for SIBEA with dynamic objective reduction based on the greedy δ-MOSS algorithm and the adaptive
SIBEA versions are omitted. In the following paragraphs, we
discuss the main results of the algorithm comparison.
A. SIBEA vs. NSGA-II vs. SPEA2
The experiments with SIBEA confirm, that hypervolume
based evolutionary algorithms are sensitive to the number
of objectives, i.e., the running time for the hypervolume
indicator computation highly depends on the number of
objectives. Up to four objectives are manageable with the
used population size of 50, whereas the computation time
explodes to more than a day per generation for the 9objective problems. In the allowed time interval of 20 minutes for example, SIBEA managed to reach not more than
16, 5, and 1 generations for DTLZ2BZ with 5, 7, and 9
objectives respectively. Nevertheless, the improvement in the
hypervolume indicator values in the first generations is high
compared to NSGA-II or SPEA2, cf. Fig. 3 and 4.
This observation leads to the assumption that the hypervolume indicator provides additional information on the search
space; the information gain per objective vector evaluation
is increased compared to the usage of the weak dominance
relation within NSGA-II and SPEA2. If the hypervolume
computation can be accelerated, one may expect that an
improvement is possible also with respect to a predefined
running time as it is the case for our comparison. Since the
baseline hypervolume algorithm used within SIBEA is not
state-of-the-art, we cannot expect that SIBEA can compete
with NSGA-II and SPEA2 compared with respect to a given
time interval. However, a realistic comparison of SIBEA with
NSGA-II and SPEA2 was never intended to be the focus
of this paper; in fact, we emphasize the difference between
SIBEA with and without objective reduction strategies.
1) Remarks on the Comparison NSGA-II vs. SPEA2:
Since NSGA-II and SPEA2 are not optimizing the hypervolume indicator directly, the fact that the indicator values
can increase during the search is not astonishing. While the
algorithms themselves improve their population permanently,
e.g., with respect to diversity, the populations of consecutive
generations will often be incomparable. Therefore, the hypervolume indicator can decrease over time as can be seen
in Fig. 3 and 4.
That NSGA-II obtains significantly better results than
SPEA2 for all problems except DTLZ7 with 7 and 9 objectives is not surprising if we recall the conditions of the
comparison: the available time is the same for all algorithms.
Due to more complex computations within SPEA2, it takes
more time to perform an entire step of SPEA2 than a generation lasts within NSGA-II. That means, NSGA-II is able
to perform more generations than SPEA2 within the same
time interval. As NSGA-II is, e.g., able to reach generations

of 1500 and more within 20 minutes on DTLZ2BZ , SPEA2
cannot process more than 860 generations within the same
time.
B. Objective Reduction with Fixed Objective Set Size
The objective reduction strategies with fixed k turn out
to be the best algorithms in the comparison (always significantly better than SPEA2, NSGA-II, and SIBEA without
objective reduction and nearly always better than the other
methods). Comparing the random version and the one based
on the greedy heuristic, the latter is always significantly
better on DTLZ2BZ . On DTLZ7, no trend is visible because
all three methods come close to the Pareto front. When
compared with the aggregation versions, the random and the
heuristic based strategy behave completely different. While
an additional objective improves the random version on all
DTLZ2BZ problems, the greedy algorithm apparently chooses
the right objectives on its own; the aggregation objective
cannot help but instead makes the hypervolume computation
too costly. For example, on DTLZ2BZ with 9 objectives, the
random version reaches generation 2081 without aggregation
(−A) and 1618 with aggregation (+A), the 3-EMOSS based
strategy reaches just the generations 1770 (−A) and 1092
(+A) and the 4-EMOSS based algorithm only the generations
436 (−A) and 56 (+A).
This observation again confirms the above mentioned
sensitivity of the hypervolume computation on the number of
objectives. A promising alternative—which has to be investigated in future work—would be to simply add the aggregated
value to the computed hypervolume indicator value instead
of using the aggregation as an additional objective.
C. Dynamic Objective Reduction
The dynamic objective reduction strategies show mixed
performance. What we can conclude is that in many cases,
the aggregation version yields worse hypervolume indicator
values. It is also noticeable that the dynamic SIBEA versions
show a high variance: with the randomly chosen objective
set sizes, the dynamic strategies can at any time choose
too many objectives such that the hypervolume computation
will last too long to achieve competitive indicator values.
A third disadvantage of the dynamic objective reduction
strategies can be seen in Fig. 3 and 4: the quality of the
solutions highly depends on the choice of the objective set
size which changes every G generations. Thus, we advise
against using the dynamic objective reduction strategies and
prefer the k-EMOSS based strategies with fixed size and
therefore predictable running time.
D. Objective Reduction Methods Omitted in Plots
Since the remaining objective reduction methods, namely
adaptive and dynamic with predefined δ error, perform
equally or even worse than SIBEA without any objective
reduction, we do not show the results graphically due to
space limitations and clarity in the plots. In addition, the
indicator values for these objective reduction strategies show
extremely high variances in comparison to the other methods.
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DTLZ2BZ with 5 objectives

in general. Nevertheless, the extensive experiments show
that further improvements of the proposed algorithms seem
possible in the future.
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Fig. 3. Course of the averaged hypervolume indicator values for selected
algorithms over time on DTLZ2BZ with 5 objectives. Note, that on the
x-axis, the number of generations is plotted and not the time in seconds.
Therefore, the algorithms reach different numbers of generations within the
same time interval. Only the generations, all 21 runs reached, are plotted.
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Fig. 4. Course of the averaged hypervolume indicator values for selected
algorithms over time on DTLZ7 with 5 objectives. As in Fig. 3, only the
generations, all 21 runs reached, are plotted.

One possible reason for the poor results of the dynamic
version with given δ error might be a sensitive parameter
δ which is hard to adjust. The adaptive SIBEA versions,
on the other hand, tend to get stuck in the region which is
found when only the first objective is optimized. The only
way out would be to optimize always at least two objectives;
the conformation, however, would be future work.
VII. C ONCLUSIONS
In this paper, we have investigated how objective reduction can be integrated into hypervolume-based evolutionary
algorithms as SIBEA to save computation time during the
hypervolume computation which allows the algorithm to
evaluate more solutions within the same time. Various objective reduction strategies choosing the number of considered
objectives dynamically, adaptively or fix have been proposed
and compared experimentally on two chosen test functions
with up to 9 objectives.
It turns out that the SIBEA version without any objective
reduction can be improved drastically by incorporation of an
objective reduction method based on the greedy k-EMOSS
algorithm into SIBEA. Also in comparison to NSGA-II
and SPEA2, this objective reduction based algorithm beats
the state-of-the-art algorithms in terms of the hypervolume
indicator significantly. Due to the sensitivity of the hypervolume computation with respect to the number of objectives,
the proposed strategy of reducing the number of objectives
and aggregating the remaining objectives in addition, cannot
further improve the proposed hypervolume based algorithms
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Fig. 5.
Boxplot comparing selected algorithms on DTLZ2BZ with 5
objectives. The hypervolume is upper bounded by 3.125 · 108 .

Fig. 8. Boxplot comparing selected algorithms on DTLZ7 with 5 objectives.
The hypervolume is upper bounded by 1 · 1010 .
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Boxplot comparing selected algorithms on DTLZ2BZ with 7
objectives. The hypervolume is upper bounded by 7.8125 · 1011 .

Fig. 9. Boxplot comparing selected algorithms on DTLZ7 with 7 objectives.
The hypervolume is upper bounded by 1 · 1014 .
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Fig. 7.
Boxplot comparing selected algorithms on DTLZ2BZ with 9
objectives. The hypervolume is upper bounded by 1.954 · 1015 .

Fig. 10.
Boxplot comparing selected algorithms on DTLZ7 with 9
objectives. The hypervolume is upper bounded by 1 · 1018 . Note, that for
SIBEA without objective reduction, the computation of the hypervolume
was too expensive, such that only one run was completed, needing 6435
minutes or more than 4 days to complete the first generation.
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